Ideas and developments in electrical systems are being stimulated by progress in power electronics; nowhere is this more apparent than in the marine industry. Indeed, it may be that such advances may lead to dc-distribution systems appearing once again in vessels. Concomitant with these developments is the need for new methods, or adaptation of known methods, to be found to deal with design and analysis problems that will invariably arise. The problem considered in this paper is identical to that considered in Part 1, ie that of a dc-supply feeding a constant-power load. This arrangement is one that is susceptible to stability problems. Work on this problem, using the Nyquist criterion-based method has been reported 1 and, more recently, using the root-locus technique. 2 This paper is concerned with tackling this same problem using frequency-response methods, specifically Bode diagrams. A stability assessment of the system can be made and some notion of the robustness of this stability ascertained. Further, it is shown that if gain and phase margins can be determined and if the characteristic response of the system is dominated by the existence of a pair of complex-conjugate roots, means of extracting the damping-factor and natural-frequency of an approximating second-order system can be easily established. Once this is achieved, transient behaviour of the system to disturbances can be estimated. AUTHORS' BIOGRAPHY John Flower served an apprenticeship as an engine-fitter in HM
INTRODUCTION
D evelopments in power-electronic devices in the past couple of decades have created a renaissance of interest in researching, designing and testing novel electrical machines and power systems. Much of the new thinking, generated by these activities, is of considerable current and potential interest to the marine engineering community. For example, the electrical machines sector has seen interest in the advanced induction-motor, the transverse-flux motor and the switched-reluctance motor. 3, 4, 5 In the power distribution field the ability of taking electric power generated by, say, the prime mover/synchronous generator combination and conditioning and delivering it in a form convenient for the end-user is very attractive. The form of power distribution for propulsion and ships services is a key element of the overall architecture for any marine electrical power system and it is being explored at present as to whether this should be ac-ac, ac-dc, dc-ac or dc-dc. Much of the evolving thinking, so far as the marine industry is concerned, is chronicled in a series of papers, spreading over a decade now, on the Electric Warship. 6, 7, 8, 9, 10, 11 However, as with all radical ideas and inventions, new problems will invariably manifest themselves. For example, it may not be clear which of a number of developmental routes to pursue, and an unfortunate choice may well lead to lack of competitiveness or even financial ruin. New equipments may render unforeseen environmental and operational problems, eg very large amounts of harmonic power in the system arising owing to the basic switching-mode of operation of the static systems employed.
In addition, many conventional methods of analysis and design are not readily applicable to these proposed systems. Dc systems are in use in, for example, satellite powering arrangements, and they are serious contenders for ship-borne equipments. 7 It is expected also that fuel-cells will eventually become major sources of electrical power generation, thereby making dc-dc systems common.
One of the problems with dc systems is that of stability. They have a propensity to exhibit negative-impedance instability, particularly when seeking to supply constant power loads. 10 There has been some significant work over the last 15 years, or so, in this area by, for example, Middlebrook 12 , and Sudhoff et al. 1 which is based, essentially, on frequencydomain techniques.
This present paper forms the second in a series and investigates the application of frequency domain techniques (Bode and Nyquist plots) to an example 1 and was used in the first part of this sequence 2 for the application of the root-locus technique. Other parts to follow include consideration of the effects of parameter variability and improving the transient behaviour and non-linear aspects. The authors intend to continue to use the same problem as an example in these succeeding parts as this is more enlightening than a general analysis. In this present paper the entire computer work was again performed with no more than a few lines of code using the MATLAB Version 5.3 package.
The approach may be more convenient than the root-locus method to use as the order of the system increases. If a system's characteristic equation has a pair of dominant complexconjugate roots, then it is often possible to approximate the system's behaviour as a second-order one. Further, if a 'phase-margin' can be assigned, in a manner described later estimates of the damping-factor and the undamped naturalfrequency of the equivalent second-order system can be established using this phase-margin together with the critical frequency. The theoretical development of these ideas is given in the appendix.
The actual circuit used to illustrate the application of Bode diagram techniques is shown in Fig 1. This is a simple circuit that can be tackled mathematically by quadratic-equation theory. However, it is a useful circuit to demonstrate the application of Bode techniques that are capable of being employed in more complex circuits or systems.
ANALYSIS Fig 1: The circuit
The negative impedance It is easy to show that a load taking constant power exhibits a negative incremental resistance.
Power, P, delivered to a load at voltage, V, and current, I, is given by,
L, r
Note that R varies as the operating point varies, Fig 2. It can be appreciated readily from the curve just how R changes with the operating point.
The general circuit
The general system diagram for the type of circuit under consideration is shown in Fig 3, where the currents and voltages represent incremental values.
It can easily be shown that, ,
where, , and where, the D's and N's are polynomials in s, the Laplace transform variable. Since neither nor have roots in the right-half plane, stability can be determined from the position of the roots of . If any one, or more, of these roots lies in the right-half plane the system is unstable. 13 The Bode diagrams
The celebrated Nyquist stability criterion deals with determining whether, or not, a polynomial equation written in the form, , has roots situated in the right-half plane of the complex plane. 13 The criterion was originally developed in the 1930's as a means of predicting the stability of amplifiers employing feedback. It subsequently became established as a major topic in feedback control studies, where G(s) generally represents the open-loop transfer function of the system. Nyquist theory development involves the application of complex-variable theory -in particular contour integration. Mathematically it is a topic in polynomial theory, and feedback systems analysis is merely an application of this theory. The practical significance of the Nyquist theory is that by plotting, on the complex plane, the frequency-response function locus , as goes from 0 to , and noting this locus's disposition relative to the point, enables the stability to be assessed. Simple rules have been established in the control literature for doing this. 13 These rules differ depending on whether G(s) represents a minimum phase or non-minimum phase system. In addition, if the system is stable, then the closeness of approach of the contour to the point gives a notional indication of the system's response to a disturbance that is to be expected, eg oscillatory, sluggish, etc.
While the Nyquist diagram is excellent for qualitative discussion of system behaviour, it is not particularly convenient for quantitative studies. For these, Bode diagrams are normally superior. 13 Note that can be written in polar form as, where, R and θ are both functions of ω, the frequency. Also note that .
Bode diagrams are no more than a plot of H (in dBs) against the log ω, and a second plot of θ (usually in degrees) against log ω. Normally these two plots are plotted one above the other; Fig 4 shows examples of these.
The advantages of going to this seemingly complex plotting procedure are discussed, in detail, in almost every elementary control text book. 13 Suffice it to say that it is just an equivalent but practical way of drawing a Nyquist plot.
If consideration is given only to the condition where the denominator of, G(s), has no positive real-part roots, a common condition, then there are two points on the Bode diagrams of particular significance. The first is the value of the gain at the frequency where the phase has reached -180 0 . For stability, this gain must be less than 0dBs, at this frequency. This value is known as the 'gain-margin', ie it is the increase in gain required to make the system go unstable.
Fig 4: Example Bode plots
In a similar fashion the 'phase-margin' is measured at the frequency where the gain crosses the 0dB point, and it is the
Stability and transient-behavioural assessment of power-electronics based dc-distribution systems increase in negative phase that would be required to make the phase -180 0 , at this cross-over frequency. Thus for stable systems both the gain-and phase-margins must be positive. While, generally, it is difficult to provide a quantitative correlation between these two margins and the time behaviour of the system, various rules-of-thumb have been devised. For example, some given values of gain-and phase-margins combinations are known to produce, usually, acceptable time responses. Indeed, specifications for control system performance are often drawn up in terms of these two parameters.
THE CIRCUIT Governing equation and minimum capacitor values
The circuit examined is shown in Fig 1 and it is the same circuit used in previous publications. 1, 2 It can easily be shown that if the capacitor, C, were absent, the circuit would be unstable unless which is unacceptable in a power circuit. The problem is to find suitable values of C that will produce stability and further acceptable transient behaviour. In the following development it is the perturbational model of the circuit that is examined.
Taking the voltage across the capacitor (or load) as V, it is easily established that,
Thus the characteristic equation (CF) is,
Bearing in mind that all component values of this circuit are positive it is shown 1,2 that necessary and sufficient conditions for stability are;
and , ie and .
Note that with C included as a compensator there are now two conditions for stability and in one of these the relationship between r and R has reversed which is essential for a power circuit. (Compensation will be examined further in the fourth part of this series of papers.) Thus given the values of R, r and L, a minimum value of C, for stability at any given operating condition, can be calculated. For example, using the component values given in the legend of Fig 1, gives a minimum value of C = 1.4mF. However, in practice just being stable is not sufficient, what is needed are values of C that will give acceptable responses when, for example, disturbances affect the circuit. 
Forms of the characteristic equation
where N(s) and D(s) are polynomials and k is a parameter that can take on different values. Thus, for the circuit under consideration re-write the characteristic equation 3, in the following form .
Hence, .
Comparing equations 3 and 4, it can be seen that .
From this it is possible to draw the Bode diagrams and this is shown in Fig 5 where the Matlab computer package was used to draw the plots. It is immediately apparent, that for values of C less than 1.4mF, the system is unstable, ie the gainand phase-margins are negative. Increasing the value of C, to above this critical value, leads to greater stability. MATLAB also provides precise values of the gain-and phase-margins. It can be seen that the system becomes unstable at . Unlike in the previous case, until the value of R falls to this critical value no phase-margin exists. This is more easily appreciated from a Nyquist plot shown in 
EQUIVALENT DAMPING-FACTORS AND UNDAMPED NATURAL FREQUENCIES
If a circuit or system has a characteristic equation with dominant complex-conjugate roots, then an approximation to its characteristic equation may be written, It would be most convenient if, in a particular application, were easily established. Given that a phase-margin is obtainable from the Bode diagram, then it is shown in the appendix, using straightforward but tedious mathematical development that, (7a) .
(7b)
Where the right hand side coefficients are constants obtained by least-squares fitting of ζ and ratio against . In the case of the varying values of the capacitor, C, this is almost a trivial process. Table 1 shows the results obtained for various values of the capacitor. It can be seen that if C, L and r are kept constant and R is made the variable, there is the complication of not only R affecting the 'gain term' of the ratio of the polynomials but the numerator term also. However, using the Matlab package it is no more difficult, on the part of the investigator, to plot the Bode diagrams with R varying in two places than it was to plot with the Bode diagram for the formulation shown by equation 5. These diagrams are shown in Fig 10. These damping-ratios and undamped natural frequencies can be calculated using equations 7a and 7b. Table 2 shows values obtained for these quantities as R alters. 
DISCUSSION

Capacitors of various values
It can be seen from Fig 5 that , for , the system is stable for capacitor values of greater than 1.4mF. It is also seen that the degree of stability increases as this capacitor value increases. Fig 6 shows the representative step-response behaviour of the load voltage when the step disturbance is in the supply voltage.
A capacitor of 0.44F gives a critically-damped response, but with more modest-sized capacitors the response is highly oscillatory (eg for for the cases shown). The transients have died out in less than 0.5s for all other cases considered. It needs to be noted that once the steady-state has been restored, after a disturbance, the ratio of the change in loadvoltage to the change in supply voltage is not unity. This change can easily be shown by applying the final-value theorem to the Laplace-transformation of , ie , and this is slightly more than unity. The physical reason for this will be explained when nonlinear effects are discussed in Part 5. In practice, it would be expected that the supply-voltage disturbances would be of a noise-like nature, and so, therefore, would be the load voltage disturbances.
For circuits with characteristic equations that can be approximated as second-order and under-damped, the equivalent damping-factor and undamped natural frequency can be obtained using equations 7a and 7b. Table 1 shows the results obtained by using these formulae together with the theoretical values obtained from direct calculation.
. Ω It can be seen from these plots that, for a value of R equal to 8.0 , the system is unstable and that as R increases from this value stability ensues to an increasing degree. Again the corresponding step-responses to unit-step change in supply-voltage reveal oscillating characteristics, but for reasonable stability these die away within 0.5s, Fig 9. In the case of the load taking a constant power it can be seen that operating at higher supply voltages (ie higher values of the incremental resistance) increases the degree of stability.
Ω
Incremental load-resistance of various values
For the varying resistance case the obvious way of manipulating the characteristic equation, although allowing the determination of stability (or not) was not convenient for making further progress. To do this a reversion to the form of the characteristic equation used in the varying capacitor cases was made. Only this time the value of the capacitor was kept constant and the resistor value varied. Using Matlab enabled this to be done with no additional burden, at least on the designer's behalf.
Although the techniques used in this study and in the reference 2 have their provenance in feedback-control system theory; the circuit is not of a feedback variety. The techniques have been used because of their convenience and, in essence, are no more than useful methods of viewing and manipulating polynomial equations.
CONCLUSION
Frequency-response techniques have been used to assess the stability of a simple constant-power load system using Bode plots. These methods are particularly useful in investigating how stability is affected when various values of system components are proposed in a design. In the example used it was demonstrated that stability can generally be enhanced by using as high a supply-voltage as practicable.
The characteristic equation governing the behaviour of many engineering systems is often dominated by a pair of complex-conjugate roots. In this case, a governing equation of second-order may be used to approximate the behaviour. The corresponding damping-factor and undamped material frequency, for this equation, can be established from a routine calculation. This calculation requires knowledge of the phase-margin which is obtainable from an inspection of the Bode plots. If the phasemargin does not exist in a particular formulation, then an alternative formulation needs to be sought. An illustration of how to do this is shown.
APPENDIX Relationship between gain and phase-margins and time-behaviour
Generally, it is difficult to infer the time behaviour from the gain-and phase-margin in a precise way. However, this can be done for an important class of systems (particularly for dynamic electrical systems) where the characteristic equation is dominated by a pair of complex-conjugate roots. If this is so, then that characteristic equation may be approximated by the quadratic equation. ,
where, ζ is the damping-factor and is the undamped natural-frequency.
Equation A1 may be re-written as, .
Consider the lhs of this equation written in frequency form, ie , then the lhs may be written, ,
which can be plotted in the Bode diagram form. Suppose that is the frequency at which and define this as the 'critical frequency', then, .
After some manipulation this can be re-written as, , so, .
Only the positive value of this equation is physically significant, so, taking the square-roots of both sides, results in, .
(
[Note: is the frequency at which the gain becomes 0dB]
Consider the phase-angle at , then, from equation A2.
.
Let
, then the phase margin , is, by definition, .
(A4)
Thus the phase-margin is a function of ζ only, and a plot of ζ against is shown in Fig 11 . The above development relies heavily on the reference. 4 In practice the phase-margin is obtained from the Bode plot and the problem is to calculate ζ from the relationship between ζ and which is difficult. For calculation purposes, therefore, it would be more convenient to express ζ as a function of . This has been done by fitting equation A4 by a least-mean-square technique giving the general expression, ,
where, is in degrees. Fig 12 shows 
